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SUMMARY

A theoretical elastic analysis is presented for the in-plane shear of
a corrugated plate with curvilinear corrugations and with discrete attachments
between the ends of the corrugations and the surrounding members. The purpose
of the analysis is to obtain information about the effective shear stiffness
of the plate and the flexural strains that develop in it during the-shearing
process as a result of the attendant cross~sectional deformations.

The crests and troughs of the corrugation cross section are assumed to
be identical circular arcs. The following four kinds of discrete attachment
at the corrugation ends are considered in the analysis: (a) point attachments
in the troughs, (b) point attachments at the crests and in the troughs, (c) point
attachments at mid-height, and (d) point attachments at mid-height, at the crests,
and in the troughs.

The analysis employs the method of minimum total potential energy and the
calculus of variations in order to obtain differential equations and boundary
conditions governing the longitudinal variation of certain assumed component
modes of deformation of the cross sections, including deformations in the plane
of the cross section: as well as normal to the plane of the cross section. The
present analysis is believed to be more accurate than a previous analysis of the
same problem; in particular, it does not employ an assumption implicit in the
previous analysis to the effect that the straight-line generators of the corruga-
tion remain straight lines.

Numerical results are presented only for the first of the four kinds of
end attachment listed above, but for a wide range of geometries. The numerical
results show that (a) the shear stiffness of the discretely attached corrugated
plate can be much lower than that of the continuously attached corrugated plate,
and (b) the extreme-fiber flexufal stresses in the discretely attached corrugated
plate, associated with the deformations of the end cross sections in their own

planes, can be very high.



INTRODUCTION

This is the fourth report in a series dealing with the elastic shearing
analysis of corrugated plates having discrete rather than continuous attachments
at the ends of the corrugations. The three previous reports (refs. 1, 2 and 3)
dealt with corrugations of trapezoidal cross section. The present report con-
siders corrugations of curvilinear cross section.

The objective of this report, as of the previous ones, is to arrive at
means of predicting the overall in-plane shear stiffness of discretely attached
corrugated plates as well as the stresses which develop in them during the
shearing process. This objective is motivated by the fact that corrugated shear
webs, with the corrugations running vertically, have been proposed for use in
the spars of aerospace vehicles as a means of avoiding high thermal stresses due
to temperature difference between the outer skin and the inner webs, and for
ease of construction in such applications the attachment between the ends of the
corrugations and the spar caps may be discrete rather than continuous.

For simplicity of analysis the cross section is assumed to be composed of
circular arcs. It is expected, however, that the results for a cross section
composed of circular arcs may be applicable, at least as an approximation, to
other types of curvilinear cross section (e.g., sinusoidal) provided that they
have the same pitch and height as the circular-arc cross section.

Figure 1 shows the configuration of the corrugated plate and some of the
notation to be employed in connection with it. As indicated in the figure, the
sheet thickness is t, and the circular arcs making up the cross section have a
radius of R(>>t) and a central angle of 20. The arcs are joined to form a wave of
pitch p and height h, related to R and 6 through the following equatioms:

4R sind, h = 2R(1 -~ cosb) (1a)

P

Equations (la) permit p and h to be readily evaluated if R and 6 are

given. On the other hand, if p and h are given, R and 8 can be evaluated



from the following inverted form of equations (la):

- -1 2h =1, e,k
6 = 2 tan ¢ p) , R 7P (4 s P) (1b)

Equations (1b) can also be used for finding the 6 and R of a circular-arc
corrugated plate having the same pitch and height as a given not-quite-
circular-arc corrugated plate. (To facilitate this use of the equations
they are graphed in figure 18.)

As shown in figure 1, the length of the corrugations is denoted by L
or 2b. The coordinate system includes a longitudinal coordinate z, a trans-
verse coordinate x, and a second transverse coordinate, s, measured along the
cross section centerline, starting from a crest. Also as indicated in figure 1,
certain generators of the corrugation will be referred to as crest lines,
others as trough lines.

Four different kinds of discrete attachment will be considered at the
ends of the corrugations, that is, along the edges z = *b. These are
illustrated in figure 2 and may be described as follows:

(a) Point attachments at troughs only.

(b) Point attachments at troughs and crests.

(¢) Point attachments at mid-height.

(d) Point attachments at troughs, crests and mid-height

(combination of (b) and (c)).

In all cases the attachments are considered as mathematical points providing
constraint against displacement, but not against rotation. The attachments
are identical at both ends (z = +b, z = -b) of the corrugations. Except at
the attachment points, there is assumed to be no interference by surrounding
members with the cross-sectional deformations which may occur during the shearing
of the plate.

Acknowledgement. ~ This work was supported by the National Aeronautics and

Space Administration under grant NGR-33-022-115.



SYMBOLS

L/2 (fig. 1)

Et3/[12(1~vv")]

G't3/12

E'e3/[12(1-vw")]

Young's moduli of orthotropic material
E'/(1-vv'")

shear force (fig. 1)

shear modulus

height of corrugation (fig. 1)

length of corrugation (fig. 1)

pitch of the corrugation (fig. 1)
developed width of one corrugation
radius of crests and troughs (fig. 1)

transverse coordinates measured along the corrugation
profile (fig. 5)

thickness of corrugation (fig. 1)

strain energy

longitudinal displacement components
overall shear displacement per corrugation

displacement components in the plane of the cross sgection
(fig. 3)

transverse Cartesian coordinate (fig. 1)

longitudinal coordinate (fig. 1)



rotations in the plane of the cross section (figs. 4, 5)
shear strain

longitudinal strain

transverse strain

transverse strain of middle surface

thickness coordinate (fig. 6)

half the central angle of a crest or trough (fig. 1)
Poisson's ratio of orthotropic material

radius of curvature (fig. 4)

longitudinal stress

transverse stress

shear stress

dimensionless shear stiffness (the shear stiffness of

plate with discrete attachments divided by shear stiff-
ness of identical plate with continuous attachment)



GENERAL ANALYSIS

Mechanism of Shearing

The plate will be assumed to be composed of infinitely many corrugations,
all identical, and all subjected to the same deformation. Thus, the analysis
may be based on a single corrugation. By a single corrugation is meant that
portion of the plate consisting of one complete wave between two corresponding
generators. For convenience, the two generators defining the single corrugation
will be selected from those which pass through the end attachments. Thus, in
each part of figure 2 the generators labeled A and C will be taken to represent
the left and right edge of the single corrugation typical of all the corrugations.

The shearing of the plate is imagined to be accomplished by imposing relative
longitudinal (z-wise) shifts on those generators which pass through the attachment
points, the amount of the relative shift being 2u0 per corrugation. Thus, for
each of the cases illustrated in figure 2 the generator C is shifted longitudinally
a distance 2uO with respect to the generator A. Where there are attachment points
between A and C, as in parts (b), (c), and (d) of figure 2, the generators passing
through those points are assumed to undergo a longitudinal shift relative to A
which is a fractiom of ZuO, the fraction depending upon the location of the generator.
Thus, the generator labeled B in each of figures 2(b), (c) and (d) is assumed to
shift longitudinally an amount u relative to A. In figure 2(d) the longitudinal
shift of A' with respect to A is onme-fourth of 2uo, or uo/2; that of C' with respect
to A three~fourths of 2uo, or 3u0/2.

In these imposed shifts, the end points (attachment points) of the shifted
generators undergo only longitudinal (z-wise)displacements; but intermediate points
along these generators are free to move both longitudinally and laterally, resulting

in a curving of these generators along with all the others.



As a result of the imposed shearing deformation described above, a re-
sultant shear force F will be developed on each longitudinal cross section,
as indicated in figure 1(b). The couple formed by these forces on any segment
of the plate is assumed to be reacted by means of forces (not shown in fig. 1(b))

parallel to the x-axis at the attachment points along the edges z = #b.

Symmetry and Antisymmetry Properties of the Deformation

Considerations of linearity, symmetry and continuity dictate that all of
the labeled middle-surface generators in figure 2, as well as any crest lines
and trough lines not labeled, must have zero longitudinal strain everywhere
along their lengths. Furthermore, although the crest lines and trough lines may
curve in the horizontal plane, they cannot curve in vertical planes.

One can also deduce certain symmetry and antisymmetry characteristics for
the displacements in the plane of the cross section. Figure 3 shows two points,
a and a', both in the same cross section and one the mirror image of the other
with respect to a vertical plane of symmetry of the corrugation. As implied by
the upper part of figure 3, both points must experience equal horizontal displace-
ment components, but equal and opposite vertical displacement components. Resolving

the AV and A, at each point into normal and tangential components, one obtains the

H
symmetry and antisymmetry properties shown in the lower part of figure 3 for those
components of displacement.

Besides having the properties just discussed, the displacement components
AN and AT in the plane of the cross section can be shown to be odd with respect
to z.

Turning to the longitudinal strains, one can deduce that in a given cross

section the longitudinal (z-wise) strain at any point, a, is the negative of the




longitudinal strain at its mirror-~image point, a'

,» while along a given
generator the longitudinal strain is an odd function of z.
Finally, referring to figure 2, it can be argued that, except for a

rigid-body motion of the entire corrugated plate, the longitudinal displacements

u(s,z) of middle-surface points must be odd with respect to s.

Kinematics of the Deformation of a

Cross Section in its Own Plane

In this section relationships will be developed governing the deformation
of a cross section in its own plane, starting with an arbitrary cross section
and then specializing to the case of the circular-arc cross section of figure 1(a).

Figure 4 represents the arbitrary cross section. Point P, with coordinate
s, is a typical point on the middle surface. The local radius of curvature at
this point is p (positive if the center of curvature is below the cross section,
as shown), and a is the angle between the local normal and the vertical. The
vectors t and ; are local unit vectors tangential and normal to the middle
surface and lying in the plane of the undeformed cross section, with t always
pointing in the direction of increasing s, and ; always in the direction corres-
ponding to u 90° counterclockwise rotation of %. A third unit vector i, not
shown, is to be imagined pointing out of the paper. The direction of E is also
to be taken as the positive 2z direction.

Point P and the infinitely close point Q define an infinitesimal arc of
length ds subtending an infinitesimal angle da. The vector corresponding to this

arc is

N
PQ = t ds (2)



Displacements. - The displacement of the typical point P has a longitudinal
(z-wise) component and a component in the plane of the cross section. The latter

component 1is represented in figure 4 by the displacement vector

> -+ >
U=vt+wn (3)

where v(s,z) and w(s,z) are the scalar components of the displacement vector
in the directions of t and 5; respectively. The neighboring point Q will
have the infinitesimally different displacement component g+ (Bﬁ/BS)ds in the

plane of the cross section, where, from equation (3),

> > >
%=%++%E+V%§+W%
Substitution of aE/as = - g/p and 33/35 = Z/p converts this to
>
%=E(g—‘;+§)+§(g§-§

Transverse strain. - Assuming that Ju/9s is small, where u(s,z) denotes

the longitudinal (z-wise) displacements of middle-surface points, the length of
>
the vector P'Q' in figure 4 may be taken as the deformed length of the line

element PQ. Thus, the transverse strain g at point P is given by

>
tat| —
e = P ds (4)

s ds
But

PlQl

PQ + dU

T da + 8y ds
s

]

[ta + %% + g) + 2 - Y 4as (5)



Taking the absolute value of this vector, substituting it into equation (4),
and assuming small displacements and small displacement gradients, so that
terms higher than the first degree in these quantities may be neglected, one

obtains
w
E = — + X 6
5 (6)

At this point, we will make the assumption, as in references 1, 2 and 3,
that the middle surface is transversely inextensional, so that e, may be equated
to zero to obtain the following constraining relation between the w and v dis-

placement components:

v

W=
ds E- 0 (7

This assumption is based on an inference from ring and frame analysis, namely
that when flexural deformations can occur, their contribution to the overall
deformation usually far exceeds the contribution arising from direct extension,
and the latter may therefore be neglected with very little error. It should be
noted that the assumption of transverse inextensibility being made here is far
less stringent than the assumption of complete middle~surface inextensibility
made in previous analysis (e.g., refs. 4, 5 and 6).

In cross sections with smoothly turning tangents (i.e., without corners),
w must be a continuous function of s, but p may be discontinuous. (For example,
in the cross section composed of circular arcs (fig. 1(a)), p changes from
+R to -R at s = R6.) Equation (7) therefore implies that 3v/ds will be dis-
continuous wherever p 1is discontinuous, provided that w does not vanish there.

Rotation. — The rotation in the plane of the cross section of the line
segment PQ will be denoted by B(s,z), positive if counterclockwise when viewed

from the positive end of the z-axis (see fig. 4).

10



The relationship between the angle of rotation B and the displacement com-
ponents w and v can be obtained by evaluating the cross product of the vectors
- -

PQ and P'Q' in two ways. First, from the basic definition of the cross

product,

> > - <> ->
PQ x P'Q' = k |PQ|-|P'Q'| sinB

-
= k ds*ds-sinB
>
where the inextensibility assumption has been used in replacing IP'Q'I by ds.

Alternatively, from equations (2) and (5),

- > >
PQ x P'Q' = k ds.ds- (%% - %)

By equating these two expressions one finds that

ing =¥ _ ¥
sing = — 5 (8)

Assuming that no corners develop as a result of the deformation, sinB

must be a continuous function of s. Furthermore, if there are no corners in the
undeformed state, the component v must also be a continuous function of s. When
equation (8) is viewed in the light of these two statements, it reveals that
dw/3s must be discontinuous wherever p is discontinuous (e.g., at the junctions
of adjacent circular-arc segments of the cross section) unless v happens to
vanish there. The discontinuity in 9w/3s must match the discontinuity in v/p

in such a way that the right-hand side of equation (8) remains continuous,*

Expressions for v and w in terms of sinf for a region of constant p. -

For a given cross section, sinf may be regarded as the basic unknown deformation

*The remarks in this paragraph suggest that the continuity condition
dw1/3yy = dwo/3y, used in equation (11) of reference 4 at the junction of the
two adjacent circular-arc segments of the cross section may not be appropriate.

11



function, since the differential equations(7) and (8) can, in principle,

be solved simultaneously for w and v in terms of sinf. This solution is

simple if p is constant, as it is in each circular-arc segment of the cross
section of main interest (fig. 1(a)). Omne first eliminates v between equations
(7) and (8) to obtain the following differential equation for w for the case

p = constant:

where

f(s,z) = sinRB (10)
is a short-hand notation introduced for simplicity. Equation (9) has the
solution

w = A(z) sin g- + B(z) cos f— + g(s,z) (11)

where g(s,z) is a particular solution of equation (9) and A and B are arbitrary

functions of z. Equations (11) and (8) then give

S ., S g .
= —_ -— —_ —_—
v = A(z) cos o B(z) sin 5 + p(as £) (12)
Expressions for v and w for the circular-arc corrugation. - The above

results, equations (ll) and (12), will now be applied to each segment of

the circular-arc corrugation. A typical repeating unit of the cross section
of such a corrugation is shown in figure 5. We will designate as Region 1
that circular arc which forms a crest region of the corrugation, and as
Region 2 that one which forms a trough or valley. It will be convenient to
introduce the auxiliary transverse coordinate §, measured from the lowest

point of the trough (see fig. 5) and related to s as follows:

8§ = 2R6 - s (13)

12



It will also be convenient to introduce auxiliary displacement and rotation
parameters ;, w and B, which bear the same relationship to § as v, w and B
bear to s. The definitions and sign convention for v, W and B are shown in

figure 5. The v, w and B of any point of the cross section are obviously

related as follows to the v, w and 8 of the same point:

;7_ = -y (143.)
W= -w (14b)
B= B (14e)

Writing equations (1ll1) and (12) first for Region 1, we obtain

w = A(z) sin %— + B(z) cos % + g(s,2)
(15)
v = A(z) cos %- - B(z) sin %— + R(%E—— f)

where g(s,z) is now a particular solution of equation (9) with p replaced

by R; that is, a particular solution of the equation

32
Sz

£

5f
=== (16)

7

+

[oP)

Considering equations (8) and (10) and the symmetry and antisymmetry
properties of v and w shown in the lower part of figure 3, it can be con-
cluded that the function f(s,z) is even in s. If we then stipulate that
the particular integral g(s,z) be odd in s, the function B(z) may be set

equal to zero in equations (15), and these equations become

wis,z) = A(z) sin% + g(s,2)
. ag (17)
v(s,z) = A(2) cos R + R(as - f)

From this point on it is to be understood that f£(s,z) and g(s,z) are respectively

even and odd with respect to s, and that equations (17) apply only in Region 1.

13



The equations for w and v for Region 2 are directly analogous to

equations (17) and are therefore as follows:

w(s,z) = A(z) sin £+ g(s,2)
_ (18)
7(5.2) = A s g _ f
v(s,z) A(z) cos R + R(3§ f)
where A(z) is another arbitrary function of z,
f(s,2z) = sin [B(5,2)]
= sin [B(2R6 - §, 2)]
= £(2R6 ~ s, 2) (19)
and g(s,z) is a particular solution, odd with respect to s, of the
differential equation
32w w__ of
52 * RZTaE (20)
Equations (10), (13) and (l4c) were used in the development of equation (19).
Equations (18) are valid only in Region 2.
The continuity requirements on displacement at the junction of
Regions 1 and 2 are
w(R8,2z) = - w(RO,z)
(21a)
v(RO,2z) = - v(RE,2)

(Continuity of rotation at such junctions will be insured later on by
selecting only continuous functions of s to represent B(s,z).) When
expressions (17) and (18) are substituted in equations (21la) the latter

become

14



K(z) sing + E(Re,z) = - A(z) sinf - g(RO,z)

_ (21b)
A(z) cos® + R[C%é) - f(r8,2)]
g/ -
s=RO
= - A(z) cos® -~ R[Gég) - £(RO,z)]
ds
s=R&
which can be rewritten as
[A(z) + A(2)] sine = - [g(R6,2z) + g(R6,2)] (22)
[A(z) + A(2)] cosé = R[2£(RE,2) - &) - <& ] (23)
98’ os
s=R6 s=R0
The relationship f(R6,z) = f(R6,z), from equation (19), was used in
obtaining equation (23).

Equations (22) and (23) are constraining relationships among the
functions A, &, £, g and g which must be satisfied to insure the satis-
faction of the continuity conditions (21). Either of these equations
may be replaced by the following, which is obtained by eliminating
A(z) + A(z) between the two equations:

3g 3 ~ to
26R8,2) = 5B+ B - [ERe,2) + g(R,2)] = (24)
5=R8 s=R6

Series Expansions for the Rotations

and Displacements in the Plane of the Cross Section

From here on attention will be restricted to the case of the circular-arc
corrugation, and expressions will be developed for sinB = f(s,z) and for w, v,

w and ¥V in the form of Fourier series in s.

15



Series expansion for f(s,z). - The rotation function sinB = f(s,z) will

be regarded as the basic unknown defining the deformation of the cross section
in its own plane. Inasmuch as the rotation is even in s and periodic over

4RO, an appropriate Fourier series expansion for f(s,z) is

nrs
f(s,2z) = ao(z) + Z an(z) cos oo (25)
n=1
whereao(z), aj(z),... are unknown functions of z. This series is postulated for

the entire corrugation cross section. With particular reference to figure 5,
it applies to the range ~R6 < s = 3R8. With equation (25) selected as the form

of £(s,z), equation (19) then dictates the following series expansion for f(g,z):

- IS n nrs
£(5,2) = a (2) + [ a (2) (-1)7 cos 5z (26)
n=1
Determination of g(s,z) and g(s,z). - Expressions for g(s,z) and g(s,z)

in series form are obtained by substituting expressions (25) and (26) in the
right-hand sides of equations (16) and (20) and then finding the particular
integrals of these equations having the desired characteristic of being odd with

respect to their first argument. The result of this procedure, when 6 is not

equal to m/2, is:

- ime ¥ . DTS
g(s,z) 4RO i An an(z) sin 7=

n=1
o _ 27)
- - n . nms
g(s,z) = 4Ren£l -1 An an(z) sin 5=
where L e onm
m O (2am)2 - (48)2 (28)

The n=1 terms of equations (27) are obviously not valid when 6 = 7/2,
because A (eq. 28)) becomes infinite, It is easily verified that for 6 = 7/2

the particular integrals of equations (16) and 20) corresponding to n=1 become

16



2;(z)R s s a1 (z)R s s
5 R ¢°% R and > R Cos R

respectively. Thus, for 6=n/2 equations (27) must be replaced by the

following:
_a1(2)R g s v . nTs
g(s,z) e + 4R9n£2 An an(z) sin 525
(27"
e _a(mR3 3 ® s nrd
g(s,z) ———gcosgy * 4R8 ] (~1) An an(z) sin 5o

n=2

Imposition of the continuity constraints. - Substitution of expression

(25) and (27) or (27') into the continuity comstraint equation (24) yields a
relationship among the even-subscripted an's. This relationship, when solved

for a , gives B
ao(z) =) (-1
n=2,4,..

n/2 o a_(2) (29)

where

Qn z 2n1TAn -1 (30)

Equations (29) and (30) are valid for 6 = /2 as well as for all other
physically realizable values of 6.

Selecting equation (22) as the second of the two independent continuity
constraints, and substituting the appropriate series expansions for g and g
(egs. (27') or (27), depending on whether or not 8 = 7/2), one finds that

Z(z) + A(z) = 0, whence_
A(z) = -A(z) (31)

Displacements. - The displacements in the plane of the cross section are

given by equations (17) and (18). Substituting into these equations the series

already developed for £, £, g and g (eqs. (25), (26), (27) or (27')), and making

17



use of equations (29) and (31), one obtains series expressins for w, v, w

and v. For the case 6 # m/2, these expressions are

. s b am
= — 4+ _—
w = A(z) sin ® 4R6nzl A a (z) sin 2Re
(32)
~ i o _‘_- o n/z
v = A(z) cos z T R[Z_ 8 an(z) cos 2R6 - (-1) an(z)]
n=1 n=2,4,..
= _ . 5 ¥ oopy® nrs
w = -A(z) sin R + 4R6n£l -1) An a (z) sin 7R6
(33)
v = -A(z) cos §-+ R[Z (—l)n Qn an(z) cos %ﬁg - (—l)n/2 Qn an(z)]
n=1 n=2,4,..
For 6 = n/2 the corresponding expressions are
w = A(z) sin 2 4 21(2)R s cos 2 + 4Re E A a (2) sin oo
R 2 R R n=? n n 2R8
(32")
_ aj (2)R s a R
v = [A(z) - ———75——] cos 7 - —iﬁgl—-% sin %
+ R[Z Q a (z) cos =25 . ) (--l)n/2 Q. a (2)]
n=2 n n 2R8 n=2 4 n n
w = -A(z) sin 5 _a(@RS o5 4pe ; 1™ A a (z) sin T2
w = R 2 R R 2o n°n 2R6
_ _ _ (33"
- _r aj (z)R s_ ai(&Rs . g
v = [-a(2) + =557] cos g+ === = sin ¢
pt n nmws o n/2
+ R[] (D" qga (2 cos gz -1 DV a a (2]

n=2 n=2,4..
It is to be understood that equations (32) and (32') apply only in Region 1,
while (33) and (33') apply only in Region 2.
It is evident from equatioms (32), (33), (32') and (33') that A(z)

represents rigid-body horizontal translations of the cross sections.
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Constraints on A(z) and the'an(z) arising from the end-attachment

conditions. = Certain constraints exist on the end values (at z=ib) of
w, v, w and v, depending upon which of the four kinds of end attachments
(see fig. 2) is present. Some of these constraints are automatically
satisfied by the series expressions for w, v, w and v developed above.
Those constraints not automatically satisfied are the following:
For the type (a) end attachments,
v(0,%b) = 0 (34a)
For the type (b) end attachments,
v(0,%b) = 0, v(0,*b) = 0 (34b)
For the type (c) end attachments,
w(RB,xb) = 0, v(RO,*b) = 0 (34c)
For the type (d) end attachment

v(0,tb) = 0, v(0,%b) = 0, w(R6,+b) = 0, v(R6,*b) = O (34d)

By substituting into equations (34) the series expressions for w, v,
w and v, one obtains the following constraining relations for the end values
of A(z) and the an(z):

For type (a) attachments and 6 ¥ n/2,

~asb) + R[ § (-1)® a_a_(b) - ] -2 a »)] =0 (35a.1)
n n n'n
n=1 n=2,4,..
For type (a) attachments and 6 = 7/2,
a) (bR, gf § n s n/2
- + 4+ _ - - - =
A(£D) = LD a_a (sb) n-z—2 , oM, 2, (20)] = 0
(35a.2)
For type (b) attachments and 6 # n/2 (writing actually the sum
and difference of egs. (34b)),
[Qzaz + Qgag + Rigajg + "']z=ib= 0
o (35b.1)
A(#b) + R ) 2 a () =0
n=1,3,.." ©
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For type (b) attachments and 6 = w/2 (again based on the sum and

difference of eqs. (34b)),

[2222 + Q62 + Qi0a10 +.v0] _,p = 0

1 s (35.b2)
A(#b) - 5 Raj(#b) + R | Q a (#b) =0
L& n n
n=3,5,..
For type (c) attachments and 8 # /2,
A(ib) = 0
- E%l (35¢.1)
) A (-1) ©a (2b) = 0
n=1,3,..
For type (c) attachments and 6 = /2,
- n-1
A(#b) + 27R J A a_(#b) (-1) % =0
n “n
n=3,5,..
(35¢.2)
aj ('.tb) =0

For type (d) attachments and 8 # w/2,
Egqs. (35b.1) together with eqs. (35c.1) (35d.1)

For type (d) attachments and 8 = /2,
Eqs. (35b.2) together with egs. (35c.2) (35d.2)

Variational form of the constraints on A(z) and the an(z) arising

from the end-attachment conditions. -~ We note for later use that each of

equations (35a.l) through (35d.2) has a variational form implying a constraint
on the variations SA(%zb) and Gan(ib) of the boundary values of A(z) and the
an(z). For example, the variational form of equation (35a.l) is
-6a(b) + R[ § (-1D” @_ sa_(2b) - | (—1)“/29 Sa (xb)] =0
n n n n
n=1 n=2,4,..
This equation and the corresponding ones arising from the rest of equations

(35) give rise to the following relationships:
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For type (a) attachments and 6 # 7n/2,

sa(sb) = R[ | (-D)" sa_(sb) - ] (-1)
n=1 n n=2,4,..

For type (a) attachments and 6 = w/2,

SA(b) = EEE%SEEl

n=2

For type (b) attachments and 6 # /2,

Qzﬁaz(ib) = - [96536(ib) + Qloﬁalo(ib) + ...

-~ 8

SA (£b)

- R Qnéan(:b)

n=1,3,..

For type (b) attachments and 6 = w/2,

Qo8a, (tb) = - [Qg8ag(2b) + Q;g6a;5(tb) + ...

SA(£b) = 2 Réa; (4b) - R | a_da_(xb)
n=3,5,..

For type (c) attachments and 6 #+ n/2,

SA(tb) = 0
n-1

AySay (4b) = - J 1_(-1) ? 6a_(sb)
n=3,5,..

For type (c) attachments and 6 = /2,
. © ol
§A(xb) = -27R § A_(<1) % sa_(b)
n n
n=3,5,..
§ai;(¢b) =0

For type (d) attachments and 6 # 7/2,

21

+R[ Y (-1)“Qn5an(:b) -7 (-1)

n/2

n/2
n=2,4,..

(36b

(36b.

(36c.

(36¢c.

Qnsan(:b)] (36a.

o_sa,(+b)] (36a.

1)

2)

1)

2)

1

2)



i}

Q28a5 (#b) = - [Qg6ag(2b) + QqpSa;g(¢b) + ...]

(364d.1)

]
o

SA(%b)
n-1

(QlAg + Q3A1) (Sal (ib) = - Z [QnA3 + AnQ3(—l> 2 ] 5an(i‘b)

n-1

2
[QnAl hnd AnQ]_(—l) ] éan(ib)

]
1
[ I}

(QIA3 + 93/\1) (Saa(ib)

For type (d) attachments and 8 = 7/2,

2y8a,(¢tb) = -[Qg6ag(¥b) + Q108219 (2b) + ...]

]
o

531 (i’b) (36d 2)

(11)

Il
e~ 8

Sas(¢b) T_n

da_(zb)
5,7,. o

n
SA(tb) = R | Tn(lz)dan(ib)
n=5,7,..

where
n-1

Tn(ll) =22 [1 - n(-1) 2 J/(a2-1)
- (37)
3

A2 - L 134 ne-1) 2 1/ 4n2-4)

n

Series Expansions for

Longitudinal Displacements

The longitudinal (z-wise) displacements of points on the middle
surface will be denoted by u(s,z) and assumed in the form of a term

‘which is linear in s plus a Fourier series in s:

s s . DTS
u(s,z) = Ut SRe + nZlbn(z) sin 3= (38)
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where'bn(z) are as yet undetermined functions of z, and s is measured from

a crest (see fig. la or fig. 5). Equation (38) satisfies the requirement
that u(s,z) be odd in s. It gives a relative longitudinal displacement of
2uo per corrugation, as required. This can be verified by substituting
s=-2R0 and s=+2RO into it. The linear term of equation (38) represents

a uniform shear deformation, such as could be obtained by means of continuous
‘attachment of the end cross sections to diaphragms which prevent deformations
of the end cross sections in their own planes but offer no resistance to the
warping of the end cross sections out of their plamer condition. The Fourier
series part of equation (38) represents deviations from this uniform shear
condition, arising because of the absence of the above-described continuous
end attachment.

Equation (38) is valid for both Regions 1 and 2 of figure 5. However,
it will be convenient, for later use, to introduce the function u(s,z) to
denote the longitudinal (z-wise) displacements of middle-surface points in
Region 2. The functions u(s,z) and u(s,z) must have identical values for

the same material point; they are therefore related as follows:
u(s,z) = u(2RO - s,z)
Therefore the series expression for u(s,z) can be obtained by replacing s

in equation (38) by 2R6 - s. The result is

- - _ _ ) 5 _qy0t+1 . nns
u(s,z) = u (1 Eﬁg) +nzl bn(z) -1) sin o= (38")

Constraints on the bn(z) arising from end-attachment conditions. -

Apart from the requirement that the relative longitudinal displacement be
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2uo per corrugation, there are, for attachment conditions (b), (c¢) and (d)
of figure 2, additional requirements due to the presence of attachment
points intermediate between A and C. These additional requirements are
that in each case attachment point B have a longitudinal displacement that
is the mean of the longitudinal displacements of A and C, and in case (4)
the attachment point A' have a longitudinal displacement which is the mean
of the longitudinal displacementsof A and B, while C' similarly have a dis-
placement which is the mean of those of B and C.

Expressed mathematically, these additional requirements are as follows:

For type (b) end attachments,
u(o,xb) = —;— fu(-2rRa,%b) + u(2RE,*b)] (1)
For type (c) end attachments,

[u(-R6,2b) + u(3R6,%b)] (i1)

N

u(R6,+b) =

For type (d) end attachments,

u(o,*b) = % [u(~2R6,2b) + u(2RO,*b)] (iii)
w(<R6,4b) = %—[u(—ZRe,:b) + u(o,*b)] (1v)
u(Re,1b) = % [u(o,tb) + u(2R6,#b)] (v)

Requirements (i) and (iii) are automatically satisfied by equation (38).
However, in order for requirements (ii), (iv) and (v) to be satisfied, the
following constraining relation must be imposed on the bn(ib):

n-1

I b D =0 (39)
n=1,3,..
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In variational form, with the b; term separated from the rest, this

relation is
n-1

sbi(sh) =~ §  eb_(sb) (-1) 7 (40)
n=3,5,..

Equations (39) and (40) are needed only for the type (c) and (d) end

attachments.

Analysis of Strains

In preparation for the writing of a strain energy expression, ex-
pressions will now be developed for the strains at a typical point
in the corrugation a distance ¢§ from the middle surface. Point R in
figure 6 represents such a point, and RS is an infinitesimal material fiber
through R in the plane of the undeformed cross section and parallel to the
middle surface. Its undeformed length is [1 + (£/p)] ds, where ds is the
length of the corresponding middle-surface fiber PQ. Through point R one
can also imagine an infinitesimal fiber segment RT, of length dz, running in
the longitudinal direction. (Point T is not shown in figure 6.) Fiber
segments RS and RT are at right angles to each other in the undeformed corruga-
tion. During the deformation of the corrugation points R, S and T move to
new positions R', S' and T'. The resulting changes of length of the fibers
RS and RT will define the extensional strains of a lamina a distance ¢ above
the middle surface, and the change of angle between them will define the
shear strain of this lamina. In determining positions R', §' and T', the
usual assumption will be made that lines, such as PR, normal to the middle
surface before deformation are also normal to the middle surface after
deformation.

>
One can start by writing the displacement vector Vp of the middle-surface

point P. This vector is the vector sum of the displacement in the plane of
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the cross section (the vector ﬁ of fig. 4) and the longitudinal dis-

placement ku. Thus, utilizing equation (3),

V. =U+k
P'— u

> > -
tv + nw + ku

The displacement vector ?R of point R will differ from VP by an amount
depending on the (assumedly small) rotations of line segment PR, which
are B in the plane of the cross section and 3w/3z in the longitudinal
plane, in view of the assumption of normal line segments remaining normal.
Thus

> > >
R = VP - z(tB + k ow/dz)

<¥

E(v - B) + aw + K(u - zow/3z) (41)

The displacement vectors 65 and 3T of points S and T will differ infinite-
simally from VR by amounts which depend upon the partial derivatives, with
respect to s and z respectively, of the right side of equation (41).
Symbolically,

v
8

L[}

?R + (aVR/ss) ds
(42)

v
T

-5
VR + (BVR/Bz) dz

Evaluating the two partial derivatives of the right side of equation (41)
- > - >
(taking into account the relations 3t/3ds = -n/p, 3n/3s = t/p) and sub-

stituting their expressions into equations (42), one obtains

¥ = v _ 38 LW, , >dWw Vv g
Vg =V +lEGo-ogg+ D +aGo-g+8 D
R L B g g (43)
s & 9502
¥ LAY 238 L xAw  pou %W
VT - VR + [t(az Bz) +n 0z + k(az ¢ 322)] dz

26
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It will be convenient to define vectors RS and RT coinciding with
the undeformed fiber segments RS and RT, as well as vectors ng' and
=Y
R'T' coineciding with these fiber segments in their deformed state. The

expressions for the first pair of vectors are

> >
RS = t[1 + (&/p)] ds
s (44)
RT = k dz
> > > >
The vector polygon formed by RS, R'S', VR and VS (see fig. 7) readily
gives the followlng expression for R7S':
R'S' =V, - U, + &S
~ s R (45)
Similarly,
Tt I g g
R'T' = ¥, - Vp + RT (46)
> > > >
Equations (43) and (44) can be used to eliminate V, - V. v

s~ Vg Vr T Vpo
ﬁé and RT in equations (45) and (46). The resulting right-hand side of
equation (45) can then be simplified somewhat through the use of the

transverse inextensibility condition, equation (7), and the compatibility

condition, equation (8), which for small rotations becomes

w
ds

o<
1
hon

> >
In this way the following expressions are obtained for R'S' and R'T'

from equations (45) and (46):

R'S'—[t(l+p—;a)+nB(l+p)+k(a Casaz>]
(48)
> 0w Ju

—+1<(1+3 —caz)]d

Tor = 23V _
RT [t(az & Bz) +n 9
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The magnitudes of these two vectors, correct to terms of the first degree

in u, v, w and B, are

Tgr| = L _ .38
IR"s'| = (1 + S -5 ds
(49)
> Ju 32w
1 1 = —— —
[R'T'| = (1 + = = G azz) ds
The transverse strain €es longitudinal strain €9 and shear strain
Yy at point R of the lamina parallel to the middle surface can now be
evaluated through the formulas
R'S'| - |RS
e =
t >
ks |
Y o
R'T - |RT
€ 5 (50)
[RT |
_ R'T' e R'S'
[R'T'| [R'S"|
Substituting expressions (44), (48) and (49), neglecting terms of higher
than the first degree in the deformation quantities, and neglecting /p
in comparison with unity, one obtains
- B
Y
Ju 3%y
=24 _ 2w 51
€ T 9z ~ © 322 GL

_du , 9V a8 , 3%w
Y =3 teyeGrt )

These results are in agreement with equations (2.17) of reference 7.
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Stress—Strain Relations

For the sake of generality in these derivations, the material will
be assumed to be orthotropic with the following stress-—strain relations:

(o

a g g
L L t T
Et = - \),—E—l s €£= _Ev -V —E— s Y < E (528)

o] e

where Oy and o, and the transverse and longitudinal normal stresses,
positive for tension, 1 is the shear stress in the s and z directions,

E and v are the Young's modulus and Poisson's ratio associated with
uniaxial tension in the transverse direction (the s - direction), E' and
v' the corresponding quantities associated with uniaxial tension in the

longitudinal direction (the z-direction), and G is the shear modulus

associated with 1, In inverted form, equations (52a) are

g, = r (e, +tv'le)) , o, = r (e

N +ve ), 1T = Gy (52b)

vE' = v'E (53)
Eliminating the strains in equations (52b) by use of

equations (51), one obtains the following stress-displacement relations:

__E [, 08, ou_, 3%
%% T IV [-¢ 3s v (3z ¢ 822)]
E' du 3%y 38
= ou ow _ oE 54
% 1-uv' “3z ¢ 3z2 T V& as] (54)
_odu vy o 3B, %W
TS GG ) C e, F )

where G' has the same meaning as G, the prime mark being merely a tracer

to distinguish those contributions in the strain energy expression (presently
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to be developed) due to torsional shear stress from those due to middle-

surface shear stress.

Strain Energy Expression

The strain energy of an infinitesimal rectangular parallelepiped

of material of thickness dz, length dz, and width [1 + (z/p)]ds is

-+ z
(du), = 2(otet + P + 1y) (1 + p) dz ds dz (55)

Neglecting z/p in comparison with 1, substituting expressions (54) for
the stresses and (51) for the strains, and integrating through the
thickness, from ¢ = ~t/2 to ¢ = +t/2, one arrives at the following

strain energy associated with the element ds dz of the middle surface:

1 du, 2 du , av,?2 38 ,3B , 32y
(dU) 2 = 2[Ezt(az) + Gt(Bs + Bz) + Ds S (as +t v 9z2
3%w ,3%w 38 3B |, 3%w |2
+ Dz dz2 (322 +tv Bs) + Dsz(az + Bsaz) 1 ds dz (56)
where
_ E' _ E'tS _ Et? _G't3
E 29507 » D moasnwn » O T 1aasieny DPsr T2 (57)

Equation (56) applies to both Regions 1 and 2 of figure 5. However,
another form of (dU), especially suitable for Region 2 can be obtained
by merely replacing s, u, v, w and B everywhere in equation (56) by
E, u, G, w and B respectively.
By integrating equation (56), and its counterpart for Regiom 2, with
respect to z from -b to +b, and with respect to s and s from -R6 to RO,
one can obtain the strain energy of an entire corrugation. Considering
the symmetry properties of the displacements, it is evidently sufficient
to integrate over half a corrugation (i.e., from s = 0 to R6 and s = 0 to RO)

and multiply the results by 2. The following expression is thus obtained

for the strain energy U of a single corrugation:
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b

RO

T du, 2 du , Ivi2 3B 3B , 92w
v I I [Eztcaz) + Gt(Bs + az) + Ds s 655 + 222
-b o _
32w 98 9B 34w
+ Dz 3z2 (322 v Bs) + Dsz(52'+ 989 ) 1ds dz
b (RO - - -
B—VZ 98 (9B ,32w
+ J J [E t( ) + Gt( t32) D 3 GE Y 5.2
-b o
3%w %W 3B 3B
*D, 522 Gaz TV as TGt ) 16 e

The following series can now be substituted for the deformation

quantities appearing in equation (58):

For R: Eq.
For g: Egq.
For u: Eq.
For u: Eq.

For w and v:

For w and v:

If these substitutions are made, the integrations with respect to s and s
carried out,

following strain energy of a single corrugation for the case 8 # w/2:

(25)
(26)
(38)
(38")
Eqs. (32) if 6 # 7/2; egs.

Eqs. (33) if 8 # m/2; egs.

and a
o
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(33") if ©

m/2

m/2

eliminated through equation (29), one obtains the

(58)



u

where

b

y

4

{E tRe | (®} ) + GtR[ ( ) + 20 () Tn(l)ar'lR)z

b n even
n-1
W%, L% L@, (1) b 5
+8 AT+ 2] -4 T a'm] 2 (-1
R R n odd n even” n g odd R
.2
+ S(Z)(A') + A Z R (3> + AT Z 'R T(4)
n
n even n odd
2 b > 2 b
i 2.1 v ' Ay D,
+ 25 L PR+ 6 [(ealR) +m-iL~n gdds =(a'R)]
D 2 D v +D v
+ —E% ) n?a2 + —-—-ﬁ-—— [-a"R ) T(S) a -~} T§6>an(a;R2)]
n odd"
TN (7) 8
+ _'IZI [s P @amr)” + anw }or "R + ] T( )(a"Rz) ]
n oddn
+ == [26(] W’ + 5@ @n’ 44 ) (9)a R
n even o n odd n
2
+ Z Télo)(aéR) ]}dz (59)
L E(_)_ 1" - B2( )
() =5t O
S(l)E EE%EQ , (2): 8+ = 2 sin 20, S(B)E o - %—sin 260 (60)
r— m-n-1 m+n-1
g ... -1y 2 + D 2 (61)
mn (21>5 1 n m+n
29 L
Tél)z Qn(—l)n/2 \\\\
n-1
(). b4, .\ 2,
Tn = nn( D Qn
n/2
T£3)573%1 (-1) Qn sin 6
n-1
i 220 1) % 92 cos 0 - (62)
-1
(3). nrm ., ., 2
Tn = 35 (-1) Qn cos 6

(equations continued
on next page)
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2 T,
NOEMO

1= 2 a2

Tr(lg)i [2(%2—)2 - 1]Tr(l4)

(10) _ an, 2 2
T T e[z(—ﬁ) - 1] QIZl j

and the following interpretations are to be understood for the summation
symbols: Where a summation sign appears with no qualifying notation
beneath it, the summation is over the range n=1,2,3,...,», The notation
"n 0dd" underneath a summation sign means that the summation is over
n=1,3,5...,»; and the notation ''m even' means summation over n=2,4,6,...,%,
The double summation, with the notation "mtn odd," covers only those com-
binations of positive integral values of m and n for which m+n is odd (e.g.,
m=1l, n=2,4,6,...3 m=2, n=1,3,5,...3 etc.).

An equation similar to (59) is obtained for the special case, 6 = 71/2.
However, for the sake of brevity, this expression will not be given, and the

remainder of the derivations will apply only to the general case, 6 # 7/2.

Total Potential Energy and its First Variation*

The total potential energy (TPE) of a single corrugation (AC in fig. 2)
consists of the strain energy U plus the potential energy of any prescribed

loads. Regarding the resultant shear forces F along the sides (A and C) of

*From this point on, the analysis is restricted to the case 6 # 7/2
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the corrugation to be prescribed (rather than the relative shearing dis-
placement 2uo), and considering the fact that these forces are acting on
inextensible generators, their potential energy is seen to be —F°2uo. The

total potential energy of the single corrugations is therefore
TPE = —F-2u0 + U (63)

where U is given by equation (59) when 6 # 7n/2, F is regarded as given,
and ug is now regarded as an unknown deformation constant resulting from
the application of F.

The TPE, equation (63), is a functional of uO,A(z), a;(z), ax(z)...,
b;(z), by(2),... . In accordance with the method of minimum total
potential energy, we seek that value of ug and those forms of A(z), a;(z),
etc. which will make the TPE stationary with respect to all small variations

in u,s A(z), a;(z), etc.

The first variation of the TPE, obtained by means of the standard

technique of variational calculus, is

b
= - . A ]
8(TPE) = -2F-6u_ + J( 2E_tRo an(abn)
-b
u_ 6§u
1 o o (1) T 1) '
+GtR{—— = +4[ ¥ T17a'R][ ] T'/(8aR)']
®R R n evenn n m even m
1y .2 Su Su
+ ¢ )[—% (68)" + &' =21 + 2 ] ) )
n odd™
-1
u 8b =
2
+21 rPGan -4l ] tWarl (] B 2]
n odd n even m odd
b n-1
2
4] REn 2107 W r)t] + 25 Parcsay
m m
n odd m even
b b
+ (8A)' ) —ETS) + A ——Rn (3 4 (8A)' ] a'R (4
n even n even n n oddn n

(equation continued on next page)
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+A') (6aR)' T * +-ZEan_n__n
nodd & n R R

b &b
+20 702 a'R (6aR)' + D ' v_ﬂ}
) > a'R (8a R) qu-n gddsmn[ (62 R) +a'R R]

D 2 D \)'+D \YJ
Sy 2 S (5) (5
+ 25 L B andan + R {; A"R Z Tn 6an - (SA-R)" Z Tn )a

n odd n odd® T

P

- z Tr(le) [a;dean + an(GanRz)"] }
D

+ 2 {2 S(3)A"R(6A-R)" + A"R (7 (8a_R2)"
R nZodd n an

+ (8A-R) "HZOddTr(j)a;Rz +2) Tr(ls)a;Rz(cSanRz)" }

D
+'£°i_z{4e[ IotPami[] P eaml+ 2sParsa)
n even n o m even o n

' (9) (9)
+ A T (6a_R)' + (6A)' T a'rR
nzodd n n nzodd n n

+27 Tr(llo)ar'lR (8a R) '}}dz (64)

Any term in equation (64) which involves derivatives of variations
can be integrated by parts a sufficient number of times so that the resulting
integrands will involve only the variations themselves, not the derivatives

of the variations. For example,

J

b b
[ b! (8b)' dz = b' (&b ) f—J b(sb ) dz
-b -b

Applying this technique and some straightforward simplifications, one

can reduce equation (64) to the following form:

35




z . . SA
§(TPE) = Guo Gtuo I+ J‘ R2 LA dz
~-b
"5 &
+ .
f L R La dz + f éb Lb dz
b m=1 m bm-l

+ oy |+ Len s, l
-b

b
+] [apes, 1| +7 R, 3,,] |
m=]1 m -b m=1 m b

b

<+

2E_tR@ 2 [(Gb ) b']

m=1 -

where b

S 2, () A

N Z (2) anR
Gtu RO u

n odd uo b

(=
m

° b

n even n odd

( 25(2)A"R (9) nR2)
n odd

D (25(3)AMMR3 + (‘ (7) nuRL})
n odd

+

(@ v'+D V) Z T('S)a"R2
s Z "n odd o

Gtr2(~a - T amp L4 5 o (D ) 1) g2

L =
am ml m m2 m n even B n
n-1
¢ 2
-2992 "RZ + 4 .1t DG b!~) s b
m2 m o odd n otm ER D

odd

79 4
z(—Al m AR

+
U
i
B
N
m
\/
+
=)

H g Tr(ll)al'_l'R?- - ZTéllO)al;;Rz)

i
.:>

(7) i 3 (8) nnpl
+Dz(Amle AM'R +2Tm amR)

(Ds\)'+Dz\)) (Am (S)A"R + 2 T(6) "R2)
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L, F -2 E tob'"R + Gt(A T(3)A'
Zz m m2 m

b
m
m—1
- 44 ,(-1) 2 ¥ ‘I'Igl)a'R +J s _a'R
n n even T pim oad™ B
412 2 my (69)
20 R
W % L@ @) 3 "o
B, = GER*(S +28°A + [ T MalR+ ] T )
A R
n odd™ n even
+D_,(] 19, R + 25y 1y
n odd®
(23(3)A'”R2 +z T(7> IIIR3)
n odd™
+ (D_v'+D_v) ) ¢ arp (70)
n odd®™
Byt D, 2sParr + ] T(7) "R?) = (D v'+D,v) ) T SO (71)
n
n odd" n odd™
u
- 2 (2) o (4) 41 1) ¢ 1
B, = GtRZ(A . T —+ A, T AT +4604 T I T alR
m n even
nl .
2.p _ (1) _ 2 _n
+200%a'R - 4 A o T T (-1 R
n odd
+)] s —=
nm odd™ &
(o TPn s aen 17 1Warr s zr(lo) 'R)
sz ml m m2 m n m
n even
-D (A T(7)A'”R2 + 2T(8)a”'R3)
z ' ml "m m m
+ (@ v4p_v) 7O 4R (72)
s z m m
B ,= D (A (M ynp 4 2T(8)a”R2) - (D v'+D_v) {8, (73)
a z ml "m m m s z m m
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with

, [l if m is odd
ml'\O if m is even

(74)
_{0 if m is odd
A = . .
1l if m is even
m2
()'"'= 33( ) /323
()" = a%( )3z
The boundary terms (B.T.) in equation (65) (i.e., those with the
b
symbol | ) contain variations which are not completely independent of
-b
one another because of the constraints, equations (36) and (40), arising
from the end-attachment conditions. Using equations (36) and (40) to
eliminate the variations which appear on the left-hand sides of these
equations, one reduces the boundary terms (B.T.) of equation (65) to
forms in which the variatioms are entirely independent of each other.
For the case 6 # w/2, these forms are as follows:
For type (a) end attachments,
= ' 1 1
B.T. = {(6A)' B,, + R ] (62 )" B, + 2E,tRO ] (&b ) b!
m m n
+] (sa) (B, -9B,)
m odd m
m/2 b
+1 (8a) [B, +aB, {1~(-1)"""}] 3| (75)
a m A
m even m -b
For type (b) end attachments,
- 1 Y 1 T -
B.T. = [(A)' By, + R} (8a )’ B_, + 2E tRe ] (6b ) b} + ! (8a))(B, - 2 B,)
m m m m odd m
+ (Sa B + (8ag) B + (8a B + ...
(62 ay 87 "ag 12) a2
Q6 10 ] b
+ (8a B -—) + (8a;q9) (B, ~-=) + ... (76)
(bag) (B, - & 10) (B, -% |
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For type (c) end attachments,

B.T. = {(3A)' By, +R g (6a )' B, + 2E tRe[ ] (b )b?

m m even
- m-1
1 - - 2 !
+ ) (6b ) {b) - (-1) “ bj}] + ] (6a ) B,
m=3,5,.. m even m
E [ Am E%l b
+ (da ) [B, -B, — (-1) 1t | an
m=3,5,.. & % A1l -b
For type (d) end attachments,
B.T. = {(8A)' B,, +R ) (62 )" B_,
m m
w m-1
, ' 2
+ 2EztRe[ ) (6b ) b + y (6b ){b! - (-1) bi}]
m even m=3,5,..

+ (Sap) B+ (8a B + (Sa B +...
(Say ay 8) ag (8212) ajy

w 96) a ) C 910) E (s (13),,°
+ (8 B - —) + B - —) +... + T 78
(dag ag 210 ajp 2 m=5,7,?T) " }1b 78
where Eéi 2l
B, [ohsth 251 7 1 + 8 [ a-4 @1 (-1) 7 ]
Lan (79)
m T a QA3 + 230,

m

It is to be understood, from this point on, that the boundary terms in
equation (65) are considered to be replaced by the appropriate one of the

above B.T. expressions, depending on the type of end attachments.

Differential Equations and Boundary Conditions

In accordance with the method of minimum total potential energy, the
best us A(z), an(z) and bn(z) for a given F are taken to be those which

minimize the TPE; i.e., those which make the §(TPE) (eq.(65) with the boundary
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terms replaced by the appropriate B.T. expression from Eqs. (75) through
(78)) vanish. The vanishing of the first term and the integrals in the
right-hand side of equation (65) necessitates the following conditions

on u_, A(z), the am(z), and the bm(z):

I1=20 (80)
LA =0
La =0 form=1, 2, 3,... (81)
m
Lb = 0 form=1, 2, 3,...
m

(Equation (80) is an algebraic equation, while equations (81) are
differential equations.) The vanishing of the boundary terms (i.e., the
vanishing of the appropriate B.T. expression from egs. (75) through (78))
leads to the so-called natural boundary conditions on the am(z), the bm(z)
and A(z). TFor example, for the type (a) end attachments, the vanishing

of expression (75) leads to the following conditions to be satisfied at

z=+b:
BA' =0
Ba' =0 form=1, 2, 3,...
m (82)
' =0 form=1, 2, 3,...
m
Ba - QmBA =0 form=1, 3, 5,...
m
B+ 0B A1-(-1D™2} =0 form=2, 4, 6
a m A » T Tt

m

The corresponding natural boundary conditions for the other types of end
attachments can easily be discerned from equations (76) through (78).

In addition to the natural boundary conditions discussed above, there
are also the geometric boundary conditions, equations (35) and (39), to be

satisfied.
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The differential equations (81) and the boundary conditions (82),
(35) and (39) permit A(z), the am(z), and the bm(z) to be solved for in
terms of ug - Equation (80) will then give ug in terms of F (i.e.,
essentially the_stiffneés).

Inasmuch as equations (81) constitute an infinitely large system,
they can be solved only in an approximate sense. This is done by assuming
that all the a, of equation (25) for n greater than a specific integer M,
and all the bn of equation (38) for n greater than a specific integer N,
are identically zero. This reduces the infinite system (8l) to a finite
system, which consists of linear differential equations with constant co-
efficients, whose solution can in principle be obtained by standard techniques.
Improvements in the solution are effected by increasing M and N until no
further significant changes are observed in the main numerical results, namely
the stiffness furnished by equation (80) and the flexural strains furnished
by the first of equations (51).

An examination of the definitions of LA’ La , and Lb (egs. (67)-(69))
shows that the system of differential equations TSI) can Ee split into the

following two sub-systems containing different sets of unknowns:

= 0
LA
L, = 0 form=1, 3, 5,... (83a)
m
Lb =0 form= 2, 4, 6,...
m
La =0 form= 2, 4, 6,...
" (83b)
Lb =0 form=1, 3, 5,...
m

The sub-system (83a) involves only A(z), the am(z) with m odd, and the

bm(z) with m even, while sub~system (83b) involves the remaining unknowns,
namely the am(z) with m even and the bm(z) with m odd. This splitting is a
very fortunate circumstance; without it the solution of equations (81) would

require much more work. 41



It should be noted that although the two groups of unknowns are un-
coupled in the differential equations, they are not completely uncoupled,
for they are brought together again in the boundary conditions.

Simplification of differential equations and boundary conditions. -

The contributions to the strain energy (eq. (58)) arising from the
longitudinal curvatures 32w/9z2 and 32w/0z2 can be expected to be small
compared to those arising from some of the other terms. If these con-
tributions are neglected, a considerable simplification, including a lowering
of the order, results in the differential equations and boundary conditions.
The neglect of the longitudinal curvature terms can be effected by setting

Dz and v' both equal to zero in the strain energy expression (eq. (58)) and
all subsequent equatioms.

Alternate Solution, Based on Algebraic Equations

In the foregoing, the requirement of the vanishing of the §(TPE),

equation (65), was used as a basis for obtaining the differential equations
and some of the boundary conditions governing A(z), the am(z), and the bm(z).
An alternate procedure is possible which leads to algebraic rather than
differential equations., In this alternate procedure one expands the unknown
functions A(z), am(z), and bm(z) into appropriate series (e.g., Fourier series
and/or power series) in the z-direction with unknown coefficients, constraining
the coefficients, if necessary,to satisfy the geometric boundary conditions
(eqs. (35) and (39)). The variations 6A(z), Gam(z), and 6bm(z) called for in
equation (65) will come from simultaneous variations in these coefficients.
With the series and their variations substituted into equations (65) through

(73), the requirement that §(TPE) = 0, for any and all variations in the co-
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efficlents of the series, will lead to a system of algebraic equations
which can be solved simultaneously for the coefficients in terms of u_s
" and another equation which will then give F in terms of ug -

If this alternate procedure is used, there is no significant advantage
in neglecting the longitudinal curvature terms in the strain energy ex-

pression by setting Dz and v' equal to zero.
NUMERICAL ANALYSIS

Numerical results for stresses and stiffness were obtained for
corrugated plates with the type of end attachments illustrate& in figure 2(a),
namely point attachments at the ends of the trough lines only. The
differential equations, simplified through the neglect of the DZ and v'
terms as noted above, were used as the basis of the numerical analysis.

In this section the main steps of the numerical analysis will be described,
and in the following section the computed results will be given.

System of differential equations. - A finite system of differential

equations is obtained by assuming that all a in equation (25) are identically
zero for n>M, and all bn in equation (38) identically zero for n>N. Trial
calculations with successively larger values of M and N showed that for all
practical purposes convergence for the stiffness is obtained with M=4 and

N=3. Convergence for the maximum stresses is not quite as good as for the
stiffness; however the results based on M=4 and N=3 were considered to be
sufficiently good for practical use. Further details regarding the conver-

gence will be given in the section NUMERICAL RESULTS.
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For M=4 and N=3, the two sub-systems (83a) and (83b) are

LA =0
L =0 form = 1 and 3 (84a)
%
= form = 2
Lb 0
m
and
La =0 for m = 2 and 4
n (84b)
1. =0 form =1 and 3
bm
respectively.
Solution of differential equations. — The solution of the sub-systems (84a)

and (B4b) is facilitated by the fact that v and w must be odd in z, u must be
even in z, and that only even derivatives of A and a» and only odd derivatives
of bm,appear in these equations. The solutions may therefore be assumed in the
form

A= RCo sinh (Az/R)

a; = Cp sinh (Az/R) (85a)

az = Cj3 sinh (Az/R)

b, = RD, cosh (Az/R)

a, = C2 sinh (AZ/R)

a, = C, sinh (Az/R) (85b)

o
]

RD; cosh (Az/R)

b3 = RD; cosh (Az/R)

where CO, ¢y, C», C3, C,, D;, Dy, D3 and A are dimensionless undetermined

constants.
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Substituting the assumed solutions (85) into the differential equations
(84a) and (84b), and assuming an isotropic material, that is, one with the

properties

E' = E (86)
G' =6 = E/[2(1+v)]
one obtains the following two sets of relationships among the undetermined

coefficients, provided that A # O:

Ry A2 RyA2 RgA2 % ] [c.] [o]
RyA2 RyAZ4Rg 0 S12A Ci{ ={ O (87a)
R32 0 RgA2+9R5 S3oA Cs 0
T§3)x S124 S3oh R _A2+4R D, 0
- c dj L2 L7
[TRgA2+H4Rg W A2 R_A R,x | [c5] [ 0]
W, A2 W.AZ+16Rg WyA W3A Cy 0
= (87b)
R\ WohA RCA2+Rd 0 D, 0
_R7A W3k 0 RCA2+9R§_ Bi. ] (1
(3

The constants Smn and T3 appearing in the above equations have

already been defined (see eqs. (61) and (62)). With

_ 1 ,t.2
k=37 @

the remaining constants in equations (87a) and (87b) can be defined

as follows:
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252) (1310)

R; =

R, = Tf4) + kag)
Ry = T§4) + kT§9)
Ry = 200% + 2krflo)

Rs = -n2k/[6(1~v)]

{@e[Tél)]z (1+kf}+ 2002 + 2xr{t0)

Rg =
R; = 8,3 + 4T§1) (88)
Rg = 2603 + 2k7{®)

R, =Sy - 47

R, = -46/(1-v)

Ry = n2/(26)

Wy, = 46T§l) Tsl)(1+k)

W2 = Sy - 4T£l)

W3 = S,3 + 4T£l)

W, 5{49[T51)]2 (0} + 2002 + 2k {0

Non-~trivial solutions of equations (87a) and (87b) require that the
determinants of the two systems vanish, which leads to characteristic
equations of the following form for A associated with systems (87a) and (87b),
respectively:

A2 (PgA® + P LAY + Pya2 + P) =0 (89a)

Qgr8 + QA% + QA% + QA% + Q, =0 (89b)

where Po,..., P and Qo""’ Q¢ are known coefficients.
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The roots of equation: (89a) will be denoted by %0, #X,, *i3, ZA,.
The non-zero roots A,;, A3 and A, lead to three independent solutions of the
form (85a). 1In each such solution the relationship among the coefficients
Co’ Cy, C3 and D, can be obtained by solving the first three of equations
(87a) for €, C3 and Dy in terms of Co’ with A replaced by A, A3 or Ay,
depending upon which of the three solutions is being sought. The zero roots
of equation (89a) indicate that there is an independent solution of equations
(84a) of a form other than (85a). To determine this special solution, one
can return to the differential equations (84a) and by inspection note that

these equations do indeed have the following solutién which is not of the form (85a)

but which has the same parity:

A =R CO](Z/R)

ay = 0 (90)
as = 0

by = R Cg)E o

where

Ejg = -T32/(4Rd)
and Cy; is an arbitrary constant. Combining this special solution with the
three which are of the form (85a), one obtains the following complete

solution of equations (84a):

A

R[Cp,(2/R) + Cy, sinh(X,2/R) + Cp3 sinh(r3z/R) + Cpy sinh(ry,z/R)]
a; = E; Cp2 sinh(kzz/R) + E, C03 Sinh(X3z/R) + E- COH Sinh(qu/R)

a3z = Eo Cyp» sinh(xzz/R) + Eg C03 sinh(A3z/R) + Eg COM Sinh(XqZ/R)

(=2
N
|

= R[C01E10 + E3C02 COSh(XzZ/R) + E6C03 COSh(X3Z/R) + EgCoq COSh(XqZ/R)

(92a)
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where Cg,, Cpo, Cg3, Coy are arbitrary comstants, and E; through Eg are
known quantities. They are the ratios of determinants formed from certain
matrices of the elements of equations (87a) with A replaced by A,, A3 or Ay.
They arise in solving the first three of equations (87a) for C;, G3 and D,
in terms of C0 with A equated successively to Az, A3z and A,.

The roots of equations (89b), all non-zero, will be denoted by tlXg,
*Ag, %Ay, and *Ag. They give rise to four independent solutions of the
form (85b). When these are combined, one obtains the following complete

solution of equations (84b):

a, Cos Siﬂh(AsZ/R) + Cop sinh()\sz/R) + Co7y sinh(}\7z/R) + Cyg Silﬂ(AgZ/R)

a, = E{ Cy5 sinh(hsz/R) + E] Cyg sin(Agz/R) + EJCyysinh(Xyz/R) + E{;Cyg sinh(Agz/R)

o

by = R[E)Cy5 cosh(hgz/R) + ELCye cosh(Xgz/R) + E§Cpy cosh(r,2/R) + EfCrgcosh(igz/R))

bj R[Eéczs cosh(A52/R) + EgCyg cosh(Agz/R) + E4Cy7 cosh(ryz/R) + E{,Cpgcosh(rgz/R)]

(92b)

where C,s5, Cyg, Cp7 and Cpg are arbitrary constants, and E| through Ej,, like
E, through Eg, are the ratics of certain determinants; they are obtained in
the course of solving three of equations (87b) for Cy, D; and D3 in terms of
C, with A replaced by Ag, Ag, Ay and Ag successively. The three equations
selected for this calculation were the first, third, and fourth of (87b).

Satisfaction of boundary conditions. - Equations (92a) and (92b) con-

stitute the general solution of the system of differential equations (84a)

and (84b). The eight unknowns Cy; through Gy, and C,5 through Cpg will be

determined from the boundary conditions. The boundary conditions are in two

groups: the geometric boundary conditions and the matural boundary conditioms.
For the case under consideration, (35a.l) is the only geometric boundary

condition. Taking into account the fact that all a with n>4 are being con-
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sidered to be zero, and that we have already imposed antisymmetry on

A(z) and an(z), it becomes

-A(b) + R[-Q;a2)(b) + 20,a,(b) - Q3a3(b)] =0 (93)
The natural boundary conditions for the case under consideration are equations
{ 82 ). Considering the definitions in equations (70) through (73), and
the fact that Dz and v' are being taken as zero (in order to neglect the
longitudinal curvature terms in the strain energy expression), the first
two of equations (82) are identically satisfied. Considering in addition
the truncation being employed in the series (25) and (38) for f(s,z) and

u(s,z), the rest of equations (82) become

bj(b) =0 , bs(b) =0 , bi(b) =0 (94)
(Bal— 21B,) = 0 s (Ba3- Q3BA) = 0 (95)
z=b 2=
B+ 20,B =0 , B =0 (96)
( az 2 A)z=b ( aL*>z=b

where, in view of equations (57) and (86),

v b
By, = GtRz[S(l) —; +25Par 4 (T§4)a' + T§4)aé)R + T§3) _Z]

A 1 R
+ Dsz[(T§9)a; + ng)aé)R + ZS(Z)A'] (97)
b
2y ¢ 4y,
Ba1= GtR2(Tf ) —% + Tf Jar 4 2eQ§aiR + S12 R)
+ DSZ(ng)A' + 2T§lo)aiR) (98)

1 1 1
Ba2= GtR2[46 T§ )(T§ )aé + Tﬁ )a;)R + 2002ajR

b b b b
1 1 1 3
- 4T§ )(—R - —%) + So1 Y + 533 ——i]

+ DSZ[Ae Tgl)(rﬁl)aé + TEl)a;)R + 2T§lo)a£R] 99)
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u b
= GtRZ(ng) —%-+ T§4)A' + ZeQ%aéR + S32 —%)

[vs}
!

as

9), ¢ 10)
+p_ @§ar + {1 atm) (100)

= GtR2[4eT§l>(T§l)a5 + Tﬁl)a;)R + 2002aR
ay = + 5

b b b b
1 1 3 1 3
- 4rP o - D)+ suy T+ Sus ]

to
I

Dsz[4e TSl)(Tél)aé + Tsl)a;)R + 2T510)a;R] (101)

+

Equations (93) through (96) constitute eight equations from which

tie eight unknowns Cg, through Cg, and C,g5 through C,5 can be determined

in terms of u . These equations can be solved to obtain numerical values
o)

for the following eight dimensionless parameters:
COIR/UO = Kl

(CozR/uo) cosh (hyb/R) = K,

(CO3R/ub) cosh (A3b/R) = Ky
(CquR/u ) cosh (Ayb/R) = Ky
(C,5R/u ) cosh (Asb/R) = Kg (102)
(C,(R/u_) cosh (Agb/R) = Kg
(Cy5R/u ) cosh (A7b/R) = Ky
(CpgR/u ) cosh (Agb/R) = Kp

Determination of stiffness. - Equation (80), in conjunction with (66),

(92a), (92b) and (102), gives the following relationship between the shear

force ¥ and the relative shearing displacement parameter us
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F
Gtu-
o

= b/(ro) + s Pk, b/R

+ 5P 4 1, @5 4 1,8, Rytanh (A,b/R)

+ [sD + 7, P, + 1,P5.] xytanh (A3b/R)

+ [s 41, Pg, 4 1, PE] g tanh (b/R) (103)
The quantity F/(Gtuo) given by equation (103) is a dimensionless measure
of the shear stiffness. From it any other dimensional or dimensionless

shear stiffness measures can be determined.

Determination of strains. - It is anticipated that of the two strains

€y and €40 the former will be of much greater magnitude and its maximum value
will occur at the extreme fibers (¢=*t/2) somewhere along the edges z = tb.

The expression for evaluating the extreme-fiber values of e along these edges
can be obtained by substituting 7 = t/2 and z = b into the first of equations

(51), after first eliminating B via equation (25). The result is

_t ? nm , _. 0TS
Leptsa®d] i/ =3 R TR T T (104)

or, in a form more suitable for computing and plotting, and with terms

corresponding to n>4 dropped,

1
= 9 3/2 4 a (b)R
B G2 [ (sm)], ), =2 & ] [A—Tnsm e 05
[o) P 9 p n-]. [o]

The coefficients an(b)R/uO are to be evaluated from equations (92a) and
(92b) in conjunction with (102).
There is not much point in evaluationg the shear strains y, given by

third of equatioms (51), inasmuch as those strains should theoretically
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become infinite at the idealized attachment points employed in the
analysis. As a practical matter, one would have to estimate the actual
stress conditions at the attachment points by taking into account the

actual nature and finite size of the attachments.
NUMERICAL RESULTS

Using equations (103) and (105), numerical results for stiffness and
extreme-fiber flexural strain were obtained for a wide variety of geometries
for the case of point attachments at the ends of the trough lines, assuming
a Poisson's ratio of 0.3. The calculations were programmed in FORTRAN IV
WATFIV and performed on the 1BM 360/50 computer. The results will now be
presented and discussed.

Results for shear stiffness. - The results for shear stiffness can be

most efficiently presented in terms of a dimensionless shear stiffness
parameter Q. This parameter is defined as the ratio of the shear stiffness
measure F/Gtuo, as given by equation (103), to the corresponding shear
stiffness measure in the case of continuous end attachments of such a nature
as to produce a state of uniform shear stress throughout the corrugation .
Such a state of stress would, in principle, be developed if the ends of the
corrugations were continuously attached to diaphragms which were perfectly
rigid with regard to deformations in their own planes, but perfectly flexible
with regard to deformations normal to their planes. With such end attachments
the straight-line generators of the corrugations would merely slide longitudinal-
ly with respect to each other and the shape of the cross sections would be
preserved. Corresponding to a relative sliding of 2uO per corrugation, the

homogeneous shear strain in such a case would be simply 2uo/p',where p' is the
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developed width (4R6) of one corrugation. The shear force F' required on

every longitudinal section in order to maintain this sliding would therefore

be 2
F'=—p—?—-c-t-2b
whence
F' _4b _ b
Gtu p' R

Thus, division of equation (103) by b/(R9) gives the dimensionless shear
stiffness parameter Q. Having a numerical value of {, one can recover

F/Gtuo as follows:

LI YRR
Using equations (1b), one can put this result into the following
alternative form:

F _ 4(2b/p) (107)

Gtu 8 T(p/hy + 4(h/p)Y] tan-T(2n/p)

Figure 8 shows a typical set of computed curves of § versus b/p
(or L/2p). The cross section to which figure 8 applies is defined by
8=1.1612 radians = 66032', implying an h/p ratio of .328. (These are the
proportions of some commercially available corrugated sheeting.) As is to be
expected, as b/p becomes large 9 approaches unity; however, b/p must be
extremely large (probably beyond the range of practicality) before unity
becomes an acceptable approximation for 2. For the larger ratios of thickness
to pitch, Q is seen to approach unity faster than for the smaller ratios,
as b/p increases.

Figure 8 also shows that the curves of Q versus b/p for different t/p

values have nearly the same shape, and therefore they can be made nearly to
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coincide by incorporating into the abscissa parameter some function of
t/p. The appropriate modified abscissa parameter is found to be

(b/p) (t/p)3/2. By plotting Q versus this parameter, the curves for all
different t/p values (but fixed h/p) fall within a narrow band, as shown
in figure 9.

By employing the same plotting technique as in figure 9, one can
summarize the results for various h/p ratios in a single graph, figure 10.
Figure 10 shows that, all other things being equal, the flatter the
corrugation (i.e., the smaller the h/p) the larger will be the Q.

It should be mentioned that h/p = 0.5 corresponds to & = 900, a
special case to which the general analysis presented earlier does not apply.
Rather than develop the special analysis and computing program for 6 = 900,
it was decided to use the general analysis for 6 = 89° and 91° and average
the results. The curves given in figure 10 for h/p = 0.5 were obtained in
this manner.

The six bands of figure 10 are seen to have a similar shape. This
suggests that a further coalescence of the results into a single band
can be accomplished by incorporating h/p into the abscissa. The coalescence
which results from using (b/p) (t:/p)l's/(h/p)l'6 as the abscissa parameter
is shown in figure 11, where no attempt is made to distinguish the individual
curves. If the exponent 1.6 is changed to 1.5, the somewhat simpler abscissa
parameter (b/p) (t/h)l'5 is obtained at the expense of a slight widening of
the scatter band, as shown in figure 12.

Figure 11 or 12 is recommended as the most expeditious way of obtaining
2, provided that one can tolerate the uncertainty represented by the vertical
thickness of the scatter band. For greater accuracy one should interpolate

among the curves of figure 10.
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As noted earlier, the numerical analysis leading to figures 9
through 12 was based on a solution with M =4 and N = 3; that is, all
of the unknown functions were taken to be zero except A(z), ao(z) through
a4(z), and bl(z) through b3(z). In order to check whether these terms
were sufficient for practical convergence, conputations of  were also
made using smaller values of M and N. The curves of { versus (b/p)(t/p)s/2
for two cross sectional geometries and various sets of values of M and N
are shown in figures 13(a) and (b). (The N=0 case in figure 13(a) refers
to a calculation in which all the bn of equation (38) were taken as zero.)
In both figures the results for approximations 5 and 6 are indistinguishable
from each other. It was therefore judged that convergence of { had been
essentially achieved with approximation 6, i.e., M = 4, N = 3,

Results for maximum flexural strain. - The parameter appearing on the

left-hand side of equation (105) is proportional to the extreme-fiber

flexural strain [et(s,b)] in the end cross section, z=b. Equation (105)

z=t/2
was used to evaluate this parameter for a series of closely spaced values of

s in order to determine its maximum absolute value. A typical variation of this
parameter with respect to s is shown in figure 14. As indicated in this

figure, the points of maximum flexural strain were found to be approximately at

s = *(25/16)R0; thus each such point is in a trough and lies about midway
between an attachment point and a crest-to-trough junction point.

The absolute values of the maximum extreme-fiber strain parameter for a
wide range of geometries are summarized in figure 15. Because of the particular
parameters employed as ordinate and abscissa, the curves for different t/p
values are fairly close together, thus facilitating interpolation with respect
to t/p. Since uos rather than F, appears in the ordinate parameter in figure

15, it is evident that these curves are best suited to the situation in which

one wishes to find the maximum extreme-fiber flexural strain €¢ max resulting
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from a given value of the apparent overall shear strain, 2uo/p. Using
figure 15 in conjunction with figure 9, 10 or 11, however, one can find
instead the maximum flexural strain resulting from a given shear load F.
It will be noted from figure 15(f) that calculations were made for h/p = .495
(6 = 89.50) in place of h/p = .5 (8 = 900); this was done in order to avoid the
special analysis and special programming that would be required for the
latter case.
The results presented in figure 15 for €¢ max 2T based on the same

approximation as those presented earlier for Q, namely M=4, N=3. The degree

of convergence achieved for e with this M and N is indicated in figure 16

t max

for a particular cross-sectional geometry. It will be noted that the con-
vergence here is not as good as it was for Q with the same M and N. There

is an appreciable difference in figure 16 between the curve for M=4, N=3 and
that for M=3, N=3. 1If more terms were used in the calculations, the change in

the curvesof € max VErsus (b/p)(t/p)3/2 would undoubtedly be discernible.

It is felt, however, that further refinement in the ¢ calculation may not

t max

be warranted in view of the fact that in practice this strain is probably
affected by the finite size of the attachments, which in the present analysis
were taken to be mathematical points,

It is of interest to examine the possible order of magnitude of the extreme-

fiber flexural strains. From figure 15 it is seen that (p/uo)(t/p)l/2 €t max

can be of the order of unity. Thus ¢ max/(2uo/p) can be of the order of

t
1/2 . . . X
(p/t) ; that is, for some geometries the maximum extreme-fiber flexural
strain € max C20 be several times as large as the apparent overall shear strain
2u /p, for the type of end attachments being considered here. The use of more
o

attachments, as in figures 2(b), (c¢) and (d), would tend to reduce the end-cross-

sectional deformations and thereby the extreme~fiber flexural strains.
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In order to convert the extreme~fiber transverse flexural strain
€r max into a corresponding extreme-fiber transverse flexural stress

O¢ max’ it is suggested that the following formula, based on the assumption
of negligible longitudinal curvature of the generators , be used:

_ E

% max ~ 1-vZ St max (108)

COMPARISON OF PRESENT THEORY AND McKENZIE'S

K.I. McKenzie, in reference 4, presented an analysis for the shear
stiffness of corrugated webs with circular-arc corrugations and two types
of end attachments -- point attachments in the troughs, as in figure 2(a),
and point attachments at mid-height, as in figure 2(c).

There appears to be an appreciable difference between the numerical
results presented by McKenzie and those computed by the present theory, for
the stiffness of a web with point attachments in the troughs, which is the
only case for which a numerical comparison of the two theories has been made.
The discrepancy between the two theories for this case is shown in figure 17,
where the solid curves are based on the present theory, and the dashed curves
are from figures 3 and 6 of reference 4.

It is believed that the difference between the present results and
McKenzie's is due mainly to the assumptions on which the latter results are
based. The main assumption in McKenzie's theory is that the middle surface
undergoes inextensional deformation (in contrast to the assumption of merely
transverse inextensibility in the present theory). As a result of this
assumption the straight-line generators parallel to the corrugations are
forced to remain straight and unstrained, although they may undergo rigid-body

movements. The shear stiffness I' obtained on this basis is then corrected in
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an apprcximate way for the middle-surface shear strain in order to
obtain a corrected shear stiffness I!. The correction is embodied

in the formula

1 1
FT = 'l:;— + (109)
o]

=

where Fo is the shear stiffness assuming pure homogeneous shear strain
with no cross-sectional deformation. That is, the actual flexibility,
1/T!, is assumed to be the sum of two other flexibilities: the flexibility
l/l‘o due to shear deformation of the middle surface with flexural deforma~
tions suppressed, and the flexibility 1/T due to flexural deformations with
all middle surface deformations suppressed. The present theory, on the
other hand, has all flexibilities (except for transverse extension) present
simultaneously.

Another possible cause of the difference between the present results
and McKenzie's may be the continuity conditions employed in reference 4
at the junction between a crest and a trough and already alluded to in the
footnote on p.f} . As mentioned in the discussion following equation (8)
of the present paper, v and B must be continuous at the junction of a trough
and crest; however, p is discontinuous at such a junction, changing from
4R to -R, or vice versa. Consequently, equation (8) dictates that 3w/ds
must also be discontinuous there. However, equations (11) of reference 4
violate this requirement by imposing continuity of 3w/ds as one of the
continuity conditions at the junction. Thus, McKenzie's -3w/3y + v/R is
discontinuous at a junction of crest and trough, in effect permitting a kink
to develop there. Comsequently, his quantity -32w/3y2 + (1/R) 5v/dy is in-

finite at the junctions and should make an infinite contribution to the
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strain energy (eq. (8) of ref. 4). McKenzie seems to have avoided this

result by not integrationg the strain-energy density across the junction.

By permitting kinks to develop but not integrating the strain-energy density
across the kinks, it appears that McKenzie may be solving a somewhat different
problem, namely the shearing of a corrugated web with crests and troughs
hinged together along their junctions.

It is difficult to assess what the sense of the discrepancy should be
between the present results and McKenzie's. If the surmise just above,
regarding the hinges, is correct, on that score alone McKenzie's stiffnesses
should be lower than the present ones. However, McKenzie's assumption of
inextensional deformation would, on the other hand, lead to a raising of
the stiffness, and his correction for middle-surface shear (eq. (109) of the
present paper) would have an unknown effect. Thus, we cannot conclude that
one theory or the other should lead to higher stiffnesses; and in fact figure 17
shows that, while the present stiffnesses are generally lower than McKenzie's,

they can also be higher.
ILLUSTRATIVE APPLICATION

Shear stiffness. - Let us consider a hypothetical corrugated spar web,

with the corrugations running vertically and fastened to the spar caps by
means of a single small rivet at each end of a trough line, and with the

following additional characteristics:

Young's modulus: E = 30,000,000 psi.
Shear modulus: ) G = 12,000,000 psi.
Poisson's ratio: v = .,25
Corrugation length: 2b = 48 in.

Pitch: p =4 in.

Depth: h = .4 in.
Thickness: t = .04 in.
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In order to make a shear flow analysis of the box beam of which the

web is a part, it is usually neceésary to know the effective shear modulus,
Geff’ of the web., The calculation of this quantity by means of figure 10
will now be demonstrated, assuming that the stresses are not so high as to
invalidate the assumption of Hooke's law on which this figure is based,
and neglecting any possible error due to the fact that it is based on a

Poisson's ratio of 0.3, rather than 0.25.

From the given data

h/p = .4/4 = 0.1 , t/p = .04/4 = .01,

w/p) (17932 = 2478y (.o1)3? = .oos.

Entering .006 as abscissa in figure 10, and reading the ordinate to the
curve for h/p = .1 and t/p = .01, one obtains 2 = .66.
Now entering h/p = .1 in figure 18, one obtains 8 = .393 radians and

p/R = 1.538. Equation (106) then gives

F
Gtu
o

- .66 x Z%

x 1.538 x = 15.5

The effective shear modulus, defined as the ratio of the average shear
stress on vertical sections, F/(2bt), to the apparent overall shear strain,
2uo/p, can now be computed as follows:

¢ - E/@bt) F G p
eff 2uo/p Gtu0 4 b

(15.5) (3,000,000) (4/24) = 7,750,000 psi

It is of interest to see what the less accurate figures 11 and 12
would have given for @ in this case. The abscissas required for the use
of these figures are, respectively,

3/2
(b/p) (t/p) _ ~006 = .239

(h/p)1'6 (.1)1.6

(24/4)(.04/ .61 = .190

(b/p)(t/h)l'5
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Entering the first of these abscissas into figure 11, one obtains @ = .67%.03,
as compared with the more precise value of .66 determined from figure 10.
Similarly, entering .190 as abscissa in figure 12, one obtains Q = .66%.04.

In this case the ordinate to the middle of the band in figure 11 or 12 is
quite close to the correct value but its uncertainty would be *5 or 6 percent.
It should be noted that for small values of the abscissa in figure 11 or 12
the relative uncertainty in @ can be much larger than 5 or 6 percent.

Flexural stress. - Suppose that we now wish to determine for the same

web the maximum extreme-fiber transverse flexural stress, o , per 1000

t max

pounds of applied vertical shear load F, again assuming that Hooke's law

is valid.
Entering figure 15(b) with (b/p)(t/p)3/2 = ,006 and t/p = .0l, we find
that
1/2
B (L / € oy = 1-005,
u_ p
o
whence
“t max  _ 502(3)1/2 - .502¢1000Y/% = 5.02
(2uo/p) : t

That is, the maximum extreme-fiber flexural strain is in this case 5.02
times the apparent shear strain. Making use of the value of Geff computed

earlier, we have

2u

o _ F/(2bt) 1000/ (48x.04) -4
— = = = .671 x 10
p Geff 7,750,000
Thus,
~4 -4
> x = (5.02)(.671 x 10 ') = 3.37 x 10

t ma
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The corresponding stress, according to equation (108), is

_ 30x10°
% max ~ 1-(1/16)

4

x 3,37 x 10 ' = 10,780 psi

In contrast, the average shear stress on vertical sections, per 1000

pounds of applied shear load, is only

F 1000

bt -~ (48) (L04) ~ -2l psd

CONCLUDING REMARKS

A theoretical elastic analysis has been presented of a curvilinearly
corrugated shear web with various arrangements of point attachments at
the ends of the corrugations, the purpose of the analysis being to obtain
information about the overall shear stiffness of such a web and the flexural
strains that develop in it as a result of its cross-sectional deformations.

On the basis of this analysis, numerical results for stiffness and
maximum flexural strain were computed and presented for a wide range of
geometries and one kind of end attachment, namely point attachments at the
ends of the trough lines. The numerical results for stiffness show that the
discretely attached web can have a markedly lower stiffness than the con-
tinuously attached web, even for large values of the length-to~pitch ratio of
the corrugations. The stiffness results differ appreciably from those
obtained by McKenzie for the same problem. The numerical results for the
maximum extreme-fiber flexural strains at the ends of the corrugations show
that these strains can be considerably larger than the apparent overall shear
strain of the web, and the corresponding flexural stress can be much larger

than the average middle-surface shear stress.
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In the analysis the crests and troughs were assumed to be identical
circular arcs for simplicity. In order to apply the results to a corrugation
which has identical but not-quite-circular crests and troughs, it is suggested
that a circular-~arc corrugation with the same pitch and depth be taken as
approximately equivalent to the non-circular one. However, the error in-
volved in such a substitution cannot at present be estimated.

The present analysis and numerical results may be of use in some
instances in the design of the internal spars of aerospace vehicles if corrugated
shear webs are used in these spars as a means of avoilding high thermal stresses.
The present work may also be of use in the civil engineering applications of
corrugated sheet, namely as roofing and siding, provided that identical
fastening is used in every corrugation. At present a rather sparse fastening
at the corrugation ends is often employed in the civil engineering applications;
in such cases the present analysis would not apply.

It should be emphasized that the data presented in this report are
theoretical and based on an analysis which idealizes the attachments as
mathematical points and neglects the (nonlinear) effect of any possible inter-
ference between the deformations of the end cross sections and the flanges
to which they are attached. Experiments of two kinds would be desirable:

First, experiments in which one tries to simulate as closely as possible the
idealizations employed in the analysis, in order to confirm the basic soundness
of the latter. Secondly, experiments in which one simulates practical attach-
ment conditions, in order to see what effect such things as finite attachment
size and interference have on the stiffness and stresses. Pending such
experimental investigations, the quantitative results of the present analysis

should be used with some discretion.
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(a) Cross section

! i [ I
1 ! ! |
F I ' | |
rough) : Crest | Trough ! Crest
line b | line | line : line
| i
[ l ! | !
| x | '
| L-’b | :
]
| e l l )
| ) ] | F
| | 1
|
; ! ! |
) i ] ]
(b) Plan view
Figure 1. - Configuration and notation for curvilinearly corrugated plate
in shear.
SN\_C (a) Point attachments at troughs
s~
W (b) Point attachments at troughs and crests
s™
PN C (¢) Point attachments at mid-height
o
' '
B\ C
s\ (d) Point attachments at troughs, crests and
s=iC mid-height
Figure 2. — Types of discrete attachment considered at ends of

corrugations (z = + b).
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Figure 3. - Symmetry and antisymmetry of displacement components in the

plane of the cross section for points symmetrically located
with respect to a vertical plane of symmetry.
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k = unit vector in z-direction .
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Figure 4. - Displacements, in the plane of the cross section, of
middle-surface points.
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Region 1 Region 2

Figure 5. - Typical repeating unit of the circular-arc corrugation.

Middle surface z
e
k: unit vector in
z—direction (out
of the page)
Figure 6, ~ Line elements PQ and RS in the cross section of the

undeformed corrugation.

Figure 7. - Vector polygon formed by points R, S, R' and St
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Figure 8. - Typical variation of @ with respect to b/p.

h/p=.328 (8 = 66932')
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Figure 9. - Curves of Figure 8 replotted, using (b/p)(t/p)3/2 as abscissa.
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Figure 10, - Variation of Q with respect to (b/p)(t/p)B/2 for a series of values of h/p.
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Figure 12, - Curves of figure 10 replotted with an alternate
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(a) h/p = 0.328 ; t/p = 0,01

Figure 13. ~ Study of convergence of shear-stiffness parameter Q.
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Figure 14. ~ Typical variation of extreme-fiber flexural strain parameter

along the end cross section.
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Figure 16, - Study of convergence of €t max'
90 0 30 60 90

6 (degrees) 6 (degrees)
(a) b/p = .625 (b) b/p =5

Figure 17. - Comparison of present results (solid curves) with those of
reference 4 (dashed curves).
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